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RECENT PROGRESS IN THE TfaEOftY OB* AIRFLOW AS 
APPLIED T0 : AERPNA?TTOS. 
By 

L, Prandtl. 

The development of the theory of flow of gases, and espec- 
ially of the theory of air resistance, affords an illustration 
of how progress may be retarded by a false theory, especially 
when advocated by a scholar of world renown. I refer to New- 
ton 1 s theory of air resistance. We have no right to reproach 
this great man on this account. His servioe was very- credita- 
ble for those times, even though he was less fortunate In this 
than in other matters. 

Newton 1 s law furnishes the right expression, that the air 
resistance is proportional to the square of the velocity of the 
surface presented' by the objeot and to the density of the air, 
but it gives quite unsatisfactory results regarding the depend- 
ence of the ai* resistance on the shape of the objeot. Accord- 
ing to Newton».s view, the air oonsisted of fitaall partioles, 
which mutually repealed each other as far as possible and, in 
the event of equilibrium, remained at rest with reference to 
each other. If a solid body was moved through the air, the par- 
tioles which were thought to be very small in comparison with 
the distances between them, were struck singly by the moving 
body, the resistance being the combined effect of all these col- 
lisions. It remained an open question as to whether the laws 

* From "Zeitschrift des Vereines Deutsoher Ingenieure," September 
10, 1931. 



.sine variation ocoure, there will be no appreciable ohangee in 
volume, which may accordingly be entirely neglected, in order to 

"simplify tie theoretical considerations. Volumetric changes in 
moving air exert an appreciable modifying inf luenoe on the mo- 
tion, when the velooity is comparable with the velooity of 
sound. At 1/10 the velooity of sound, the variations are only 
about one-half of 1$, and are therefore entirely negligible. 

That the air par tides do not fly about at random among 
each other, but oombine in an airflow, is explained aocording to 
the kinetlo theory of gases, by the assumption that, though 
the individual moleoules are perfectly free to move, they often 
collide and exohange momenta. The resultant motion, whioh has 
the mean value of the irregular individual motions, accordingly 
constitutes the flow of a fluid. 

Pressure from any' source is transmitted in all directions 
and it is therefore inadmissible to oaloulate the resistance of 
a body by simply adding the resistances of the individual parts, 
since these parts exert a mutual inf luenoe on each other and 
the resistance of the combined parts differs from that of the 
parts taken separately. The wind pressure on a roof therefore 
depends largely on the shape of the building it covers. 

The theory of the flow of liquids, hydrodynamics , (begin- 
ning in the middle of the eighteenth oentury with L. Euler and 
0. Bernoulli!) , was developed under Helmholtz, Kirohhoff, Lord 
Kelvin, etc , to a high degree of perfection, although in only 
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on© direction, whioh seemed to offer but little of usfc to the 
practical man and greatly shook his confidence through contra- 
dictory results. Thus, "for example, a body moving unifornly in 
a fluid originally at rest was supposed to experience no rer 
sistanoe in the direction of the motion, vrhioh was contrary to 
all observed facts. Calculations were made on the basis of the 
ao-called ideal liquid, a constant-volume fluid without viscosity, 
because the allowance for the viscosity (whose influence on the 
individual particles was well known) made the calculation too 
difficult. Since the effeots of viscosity in fluids were so 
slight in comparison with the effeots of inertia, this method 
of calculation seemed to be justified. 

The abova-nentioned contradictory result of the absence of 
resistance was found fir3t while investigating the flow around 
a ball and subsequently was shown to hold strictly true for the 
ideal fluid for all bodies without sharp edges. The hydrodyr^rr.J- 
ics of the ideal fluid failed however in the problem of the re- 
sistance of aotual fluids, but a more thorough investigation 
demonstrated that in case where the aotual resistance was very 
small on aooount of the suitable shape of the bodies, the theo- 
retical principles were satisfied in large measure. The shapes 
of bodies with small resistance are of the greatest practical 
importance in the construction pf airships and airplanes. Sys- 
tematic experiments in aerodynamic laboratories during the last 
decade have gradually developed the best shapes and shown that 
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these stares, excepting for the ever-present skin friotion, en- 
able the praotioal realization of the theory of no resistanoe. 
The fact that the flow both divides in front of the body and 
oloses again behind it, in- aooordanoe with the theory, consti- 
tutes the main oharaoteristio of the motion of the ideal fluid 
about a body. The resistanoe of the body of an airship, accord- 
ing to laboratory experiments, is between 1/30 and l/S5 of the 
resistanoe of a flat disk having the same diameter as the max- 
imum section of the airship. The small oirole in Fig. 1 repre- 
sents the disk whioh would offer the same resistance as the air- 
ship. This resistanoe may be regarded as due entirely to skin 
friotion. 

Before going further into details, I will mention briefly 
the means of presentation and the most important theorems of 
hydrodynamlos. The state of flow for any given instant is known 
When the pressure as well as the magnitude and direotion of the 
velocity are given for every point. The velooity is ordinarily 
designated by the three components u.. v and w, aooording to 
the axes of a right-angled system of coordinates. The whole mo- 
tion is known when u, v, w, and also the pressure p are giv- 
en as funotions of the three-spaoe coordinates and of the time. 
For the diagramciatio representation of the flows, ubs 1b made 
chiefly of "streamlines" showing the direotion of all parts of 
the flow. The streamlines oan be calculated from the above- 
mentioned functions. 
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The typical task of theoretioal hydrodynamios is now to "de- 
termine, for any given conditions on the boundaries of the flu- 
id (for example, for" a pre a or ibed motion of solid bodies through 
it), the funotions u, v, w and p, for the whole spaoe occupied 
by the fluid. For this purpose use is made of two types of 
conditions: 

1) The BO-oalled continuity condition, that in every 
small portion of spaoe Just as rauoh fluid flows in as out, whioh 
consequently preserves the constancy of volume; 

S) A dynamio condition, that the resulting momentum of 
a portion of the fluid, whioh comes from the differences in 
pressure and from amy other forces acting on the portion, equals 
the mass of that portion times its acceleration. The methods 
for oarrying out the calculation cannot be given here in detail, 
but the following paragraphs will contain indications concern- 
ing them. On the other hand, several important laws will be 
stated here without demonstration. They are very simple laws 
whioh hold good for only the ideal fluid, and they furnish the 
real reason why the ideal fluid can be treated mathematically 
so much, more easily than actual fluids. 

One very important conception for the motion of the ideal 
fluid is "the "line integral of the velocity. 11 If Tie imagine 
instead of the "velooity field, n a "foroe field" such that eaoh 
velocity (of given magnitude and direotion) is replaoed by a 
foroe of corresponding magnitude and the same direotion, then 
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the line integral of this foroe will represent the work perform- 
ed by the foroe in moving, a unit mass along the given iine. The 
line integral of the velooity is obtained when eaoh individual 
part of the path is multiplied by the oomponents of the velooity 
falling in the direotion of the path and the products are all 
added together. In the theory o,f the foroe field, the case is 
ooneidered when the work done in moving a mass from a point A 
to a point B is the same for all paths. In this case, when 
the point A is stationary, the work done between A and any 
point B, and whioh aooordingly depends only on the looation of 
the point B, is oalled the potential at the point B and the 
whole foroe field is called a potential field. The same case 
also ooours in the motion of fluids. The value of the line in- 
tegral, taken from a stationary starting point, is called the 
velooity potential of tha motion and the velooity field is oall- 
ed the potential field. The velooity is then given, Just as the 
foroe was given in the other oase, both in magnitude and direc- 
tion, by the'vfall-of the potential. Muoh is gained by the intro- 
duction of the potential, for sinoe the velooity oomponents can 
be deduced from the potential, it is then necessary to determine 
only one funotion instead of three. Even the pressure in the 
oase of potential motion may be obtained by a simple formula. 
Concerning the line integral of the velooity there is an 



important law discovered by Lord Kelvin (Sir William Thomson) , 
namely, that in an ideal fluid for any given olosed line which 
la continuously forx£ed~~out of the same fluid partioles, the 
line integral can not change its value with the- lapse of time. 

We will immediately make an important application of this 
law. If, at any instant, the whole fluid is at rest, then every 
line integral in it has the value zero and must therefore, ac- 
cording to Lord Zelvin, retain the value zero for all time. 
If a closed line is laid through the above-mentioned points 
A and B, it may be easily demonstrated that the assertion that 
the line integral disappears for the olosed path, is identical 
with the assertion that in both directions, around the right 
or around the left, from A to B, the line integral has the 
same value.. From this we recognise that only potential f?.ows 
can be generated by any kind of pressure on the surface or by 
setting in motion bodies existing in the ideal fluid. 

■ The consideration of oases ir. which the line integral dif- 
fers from zero, rrould bring us to the famous Helmholtz vortex 
theory. We can not however go further into this matter here. 
We will only mention that there are motions in which the char- 
acteristic of the potential motion does not hold along certain, 
mostly very restricted, regions in apaoe. A line integral 
whose line embraoes portions of this region, will then usually 
have a value differing from zero. In such cases, we speak of a 
vortex motion. The value of the line integral is called the 
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n circulation, 11 or, when applied to the embraoed vortex, also 
tl^e "strength of the vortex," 

Until quite recently, J.J was thought necessary to draw the 
oonolusion tliat vortex motions could only ooour in an ideal 
fluid when they were present in it from the beginning through 
some sort of aot of creation, but that their production from a 
condition of rest was impossible. It must not, however, be for- 
gotten that the ideal fluid is for us only a simplified imagi- 
nary image of a real fluid, which always exhibits some visoosity. 
A special investigation,* which we can not take up here in de- 
tail, demonstrated that the visoosity of the fluid, even when 
ever so small, takes effect- with finite strength in a region in 
the immediate vicinity of the bodies, by holding back a thin 
layer of the flowing fluid. Kelvin 1 s law would, not hold good 
for any line drawn through this region, on account of the effect 
of the visoosity. Any region of the fluid whose partioles have 
previously, during the .motion, come near the surface cf the ob- 
ject, can therefore- .i>eoome the seat of vortices. All vortex for- 
mation in fluids with small visoosity is to be explained in this 
manner. "iTe shall also see that, in a practically very important 
case, the theoretioal conception of vortex formation has brought 
decisive progress. 

Regular vortices are formed on sharp edges about which the 

fluid flows. Even in the case of perfeotly rounded surfaces, 

like a sphere, for example, it happens after a pure potential 
* See my lecture before the Heidelberger Internationalen-Math- 
ematiker-Kongress, 1904 (Proceedings of this Congress, p. 484, 
Leipzig, 1905), or the article "Fluesigketsbewegung," in' "Hand- 
wfirterbuch der Naturwissensohaf ten, n p. 117. 
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motion la created at the beginning, that bwing to reverse mo- 
tions in the rear half of the surfaoe layer, this layer being 
the seat of the friction phenomena, portions of it are first 
heaped up and are then liberated into the free fluid as vortices 
Hitherto it has not been possible to assert much theoretically 
concerning these vortices* which are closely oonnected with the 
resistance to motion. Only concerning the preliminary condi- 
tion for their creation, the reverse flow in the marginal layer, 
which causes the release of portions of this layer, it may be 
stated that it is oonneoted with a retarded flow of the free 
fluid along the wall, and the details of this motion can be 
quantitatively ezrplained. (See H. Blasius, Z. F. Math. u« Phys. 
1908* p. 1, and Hiemenz, Dingl. Polytechn. Journal, 1911, p. 331. ) 
It may be qualitatively explained in the following manner: The 
same differences in pressure, when great enough, turn baolc the 
surface layer already somewhat retarded by friction. That this 
oauses an expansion of the surfaoe layer is readily seen from 
Fig. 3, sinoe there is no possibility of escape for the reverse 
flow inside the direct flow. Fig. 3 shows the incipient forma- 
tion of a vortex. The quantitative results of these investiga- 
tions are in accord with experience (Hiemenz a. a. 0. and H. 

published by V. d. I. , 
Rubadh, Mitteilungen uber Forsohungsarbeiten,/No. 185, 1916.) 

Kanaan (See Karman and Rubach, Physikalisohe Zeitsohrift 
1913, p. 49) has successfully investigated the completed vortioes 
which, in the event of a uniform flow, show more or less yegular 
series of alternately rigjrt and left rotating vortioes. He has 
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shown -that only one kind of vortex configuration (Fig. 3) Is 
stable and that the resistanoe may he quite aocurately Calculat- 
ed by means of ..purely visual observations, namely/ by measuring 
the intervals between the vortices and the frequonoy of the vi- 
bratory motion, whereby the result of the calculation agrees 1 .' 
well with the measured resistances. The relation between the 
vortex system end the dimensions of the vortex-generating body, 
whioh would have determined the praotioal applicability of the 
theory, has not yet been theoretically established. 

Returning to the praotioally important problem of bodies 
with small resistance, I would like to take up next the investi- 
gations on airship bodies begun by my former colleague, Dr. 
Georg Fuhrmann, who unfortunately fell in the war. .We must 
first find formulas for the airflow about the body of an air- 
ship. If the flow is to be considered from a stationary stand- 
point with relation to the airship, we must seek the velocity 
distribution for whioh the velocities are tengential to the 
surface of the airship. We obtain this kind of flow when we 
imagine the fluid continued into the inside of the airship and 
and adopt, on the front portion of this axis, points where the 
fluid is oontinually renewed and-, on the rear portion, corres- 
ponding points where the same quantities of fluid again disap- 
pear. This flow Is impossible in a physical fluid, but here 
(since it only oonoerns the flow at points where there is really 
no flow) it oorreotly represents the effeot of the front part 
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of the airship, whioh dcfleote the fluid outward on all Bidets 
and alao the effeot of the r«er part, where the fluid again 

flows together. - ■ ■ 

The mathematical fcrmulatioa of such "soi;.xo3s n and "sinks" 
is very simple. The prooess of calculation would be very diffi- 
cult, if it were necessary, for a given airship, to find the 
correct distribution of these sources and sinks. Fuhrmann pro- 
ceeded in such manner, however, that he calculated the outlines 
of the body of an airship corresponding to suitable arbitrary 
distributions of souroes and sinks. He also calculated the de- 
tails of the flow and pressure. Concerning the connection of 
the pressure with the velocity of flow -v in a potential motion, 
the following may be noted. Yhen the motion is steady, the 
static pressure p (that is, the pressure Triiich would be re- 
corded by an instrument moving with the flow) plus the "velooity 
pressure" p 55. forms a constant sum. The "velocity pressure" 
also oalled "dynamio pressure" or "impact pressure" is (as may 
be concluded from the application of the above-mentioned rela- 
tionship) equal to the pressure ihorease in comparison with the 
static pressure, whioh appears in the opening of a tube direct- 
ed up-stream against the flow. It is known that this relatlon- 

7 

ship is made use of for measuring flOT? velocities. P - — 

6 

' is here the density of the medium. 

The pressure distributions calculated by Fuhrmann were ver- 
ified on bodies of the calculated shape by providing these bod- 



ies with perforations and measuring the pressures ocourring in 
the perforations. The results, for three of these bodies, are 
given in Figs. 4 to. 6, the linesdenoting the calculated pressure* 
and the small circles, the measured pressures. The observation 
ipdioates on the front end a pressure increase equal to the dy- 
namic pressure of the artificial wind in which the experiment was 

m 

performed. The calculated curve gives a like pressure increase 
on the rear end, which fails to appear in the experiments. This 
discrepancy results from the fact that in reality the flow at 
the rear end does not close up completely, as is assumed in the 
theory. This is beoause of the retardation of the marjginal layer 
of air due to skin friction. In other respeots the details of 
the pressure distribution for airship bodies of different shapes 
agree very well with the theory.* 

A practioally very important result for the theory has been 
obtained in the investigation cf air forces on airplane wings. 
The reasoning processes involved may be briefly described here, 
though in a manner not corresponding to their historical evolu- 
tion. 

IShen an aerofoil with a shape similar to a bird 1 s wing ac- 
quires a lift by moving swiftly through the air and is thereby 
in position to support the weight of the airplane, the air re- 
ceives a downward pressure equal to the weight supported. Con- 
sidered' in detail, 77e find on the under side of the aerofoil, 
increased pressure in comparison with the pressure of the undis- 

turbed air and a diminished pressure on the upper side. These 
* The three small jogs in the lines representing the measured 
pressure distribution at 1/3 and 2/3 their length, are oaused 1j 
defects in the construction of the three parts of the built-uc 
model. 
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pressure differences, aotlng on the whole aerofoil taken together 
produce the lift. 

In order to obtain Information concerning the flow relatione 
here involved, we will first seek the value of the line Integral 
for a olosed ourve, whloh passes through the field traversed by 
the aerofoil. We shall find that the value of the line Integral, 
whioh we will oall the "circulation, n generally differs from zero 
If we consider a closed curve whioh pass 9 b downward through the 
air strip traversed by the aerofoil and again rises in the undis- 
turbed fi9ld, then before the passage of the aerofoil through 
the portion of space under consideration, the circulation was 
zero. During the passage of the aerofoil, we can (if we refrain 
from unnecessary refinements) imagine the line out by the aero- 
foil. Since the pressures are different on both sides of the 
cut, the line integral will gradually increase (like a pipe fill- 
ed with still water, at the ends of whioh a difference in pres- 
sure is suddenly oreated) in proportion to the increase in the 
pressure difference and to Its duration. For a pipe of uniform 
cross- section, the line integral would be vl, in whioh v is 
the velocity in the pipe and I the length of the pipe. If the 
density is p, a pressure difference of p a - Pa for the time 
t ■ produces a value of v I of the amount 

vl =, p i ^ t,' 
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The same equation is also given by the strict theory for the cir- 
culation in the free fluid. . 

If the wing chord is s and the flight speed V, we have, 
for the time t while the line is cut, the equation 

s «= V t , hence T ? |f 
For the circulation, we accordingly obtain 

r = p i ~ h r = (p * : *» )s 

p P v 

in which (p, - p^)s denotes the lift per unit length along the 
wing, which we shall designate by a. We then have 

a - T p V (1) 

a formula independently discovered by Kutta in Munioh and 
Joukowski in Uosoow by different methods. But since the line 
can be closed behind the wing, the circulation again becomes 
constant and ia consequently the sane for all particles of air 
whioh have touched one and the same spot on the wing. 

The lift density a is usually greatest in the middle of 
the 'ving and drops to zero toward the ends, since at the ends 
the pressure differences are equalized around the edges. What 
is said with regard to a also applies to the distribution of 
the valuee of Trhich correspond to the individual points of 

the air strip touched by the wing. : This strip is accordingly the 
seat of vortices. The strength of the vortices in any given 
strip is measured by the circulation of a line encircling the in- 
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dividual strip. This circulation is evidently equal to the 
differenoe in T on the right and left of the strip. We thus 
obtain, especially near ..the ends .of the wings where ? drops to 
aero, relatively strong rotational motions in opposite direc- 
tions. 

If the small individual motions of the vortices are neg- 
lected, the geometric configuration of the vortex system is 
fully known and we oan therefore calculate the latter by means 
of the geometrical laws whioh connect the vortices with the 
flow velocities belonging to them. The relatione axe the sim- 
plest when the lift density a and also the circulation T 
are distributed according to a semi-ellipse on the span of the 
aerofoil (Fig. 7). In this event, the velocity w x of the de- 
scending flow behind the wing is constant ard 

' Wl K I& = J*a = _AA^ (3) 

1 O PVb TT P Vb 3 

in whioh A *= ^ ba 0 is the total lift. 

As a more thorough investigation shows, this descending 
motion is first partially developed in the place where the wing 
is and it has, at the center of pressure of the oross-seotion, 
3ust half of the above-given velooity in the vortex tail. 

In the following paragraph it will be further shown that 
the theory Xs capable of determining the potential flows around 
the wing seotions and of explaining all the details whioh give 
rise to lift. The3e flows are definitely conneoted with a cir- 
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culation around the wing section, of exaotly the amoiiht obtained 
cJbove In equation 1. A o cording to our reasoning, this is correct 
sinoe we can close together the line paesing through the strip 
touohed by the air behind a wing element, so that it embraces 
the wing section in its plane. From the above-mentioned theory 
of wing flow, which is connected with the ideal oaee of an infi- 
nitely broad wing and hence of uniform flow, th6 result is to be 
anticipated that it will offer no resistance In the direction of 
motion, but only develop a lift perpendicular to it. We express 
this result now by saying: "From the circumstance that the lift 
drops to zero toward the ends of the wings, we have (in addition 
tc the former flow velocities, which were present even for infi- 
nitely wide wrings) a downward motion at the place where the wii*£ 
If, through whose influence the whole flow, in comparison with 
that of an infinitely ride wing, is inclined 3omewhat downward 
and indeed roughly about the value of the angle obtained from 
the equation. n 

tg B = 1/2 W l = 3 A (3) 

V PIT V s b a 

Eence the lift of each wing element will no longer be vertical, 
but perpendicular to this inclined direotion and the flow will 
therefore offer a resistance or drag component of the value 

W£ = A 5 in 3«A tgp = . 3 (4) 

tt pv b 

At the same time, the necessary angle of attack for obtain- 
ing a certain lift density must be increased by p, in oompari- 
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son .with tne infinitely broad wing. The resistance just men- 
tioned rhioh, aooording to equation 4, is proportional to the 
3quars of the xnsan lift density ^, does not stand in oontra- 
dlotion to the assumed absence of friction in the medium, since 
it has its exact equivalent in the kinetic energy left in the 
medium in the vortex wake "behind the vdng. 

It has now "been shown that, with the aid of the calculations 
just indicated on infinitely long wings, we can fully explain 
the hitherto very enigmatical great influence of the aspect ratio 
of the wings on their aerodynamic "behavior* If we take the re- 
sults of more recent measurements on a series of aerofoils of 
uniform cross-section, "but different aspect ratio, as obtained 
from modern laboratories, and subtract the above-given theoret- 
ical drag from the measured drag, we find that the remaining 
drag, in relation to the lift per unit of surface is al- 

most exactly the earns for the different experiments and that con- 
sequently this remaining drag is no longer dependent on the as- 
pect ratio. The same holds true for the angle of attaok of in- 
finitely broad wrings calculated in the above-given manner. On 
the other hand, both the remaining drag and the angle of attacl: 
of an infinitely broad, wing are dependent on the wing section. 
For this reason, the remaining drag has been oalled the section- 
al drag. It is readily seen that, with the aid of these formulas, 
we can convert the experimental results obtained with one aspect 
ratio, to any other aspect ratio, so that in the future it will 
suffice to make only one experiment with only one aspect ratio. 
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The results of this method are shown by Figs. 8 and 9, whioh have 
been taken from the "First Report of the Gottlngen Aerodynamic 
Laboratory" ( "Ergebnisse der aerodynamisohen Vereuohsanstalt zu 
GSttingen, I. Lieferung," published by R. Oldenburg, Munich, 
1931). On one side is shown lift and drag* for a series of aero- 
foils with different aspect ratios, presented acoording to meas- 
urements; on the other side, the conversion to the aspect ratio 
T : 5. The conversion of the angles of attaok yields a like 
good agreement. The experimental values, which correspond to a 
square aerofoil, do not, it is true, fall in line, but this is 
not strange, sinoe the theory under consideration is only a fiist 
approximation for very long surfaces. It is, on the contrary, 
an unexpected result that it still holds good for an aspect 
ratio of 1 : 3. 

The theory has also been applied to biplanes and multiplanes. 
(See report in "Jahrbuoh, 1930, der Ges. f. Luftfahrt," p. 37, 
where further information is given. From what is given there, 
may be found an intimation of a noteworthy result whioh bears 
upon that distribution of the lift, on an aerofoil of any de- 
sired shape .or upon a group of such aerofoils, whioh gives the 
minimum theoretloal drag fox a given total value of the lift. 
Dr. Max Hunk' s solution of this problem reads: "Let us imagine 
the epaoe traversed by the group of aerofoils (henoe a strip, or 

a system of strips, running along the flight path) as a rigid 

* C a and C_ (in Figs. 8 and 9) denote the lift and drag coeffi- 
cients (Lift or drag divided by the surface area and dynamic 
pressure 1/3 pr.) 
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formation and let us set this in motion in an ideal fluid with a 
uniform velocity at all points, in the oppoaite direction to the 
lift. r The resulting flow is the desired vortex motion and the 
distribution of the pressure at the moment of starting gives the 
desired lift distribution. For a monoplane, we thus obtain the 
above-mentioned elliptioal distribution, the velocity of the 
rigid formation being w x according to equation 3. n 

In a final paragraph, we shall state briefly a theory of 
aerofoil sections which has today been developed to a high degree 
of: perfection. The problem may be simplified by assuming the 
flow to be uniplanar or "two-dimensional. " This means that the 
path of eaoh air particle describes a uniplanar curve and that, 
in all parallel planes, the same phenomena ooour. This is the 
case, if we imagine an aerofoil of constant cross-section infi- 
nitely extended laterally, so that every disturbance ooming from 
the ends of the aerofoil (tending to make the flow spatial) is 
eliminated. 

For the uniplan&r potential flow., there is an especially 

effioaoious and suitable method, the "method of orthomorphic o:: 

oonformal transf ormation. * It shows that, if we have any uni- 

i 

planar potential flowi we can derive other uniplanar flows f rou 
it, by subjecting the plane of the diagram to those transforma- 
tions for which its smallest geometrio parts remain similar or 
equiangular. Through such an equiangular or oonformal transfer 
mationV whidh can be applied several times in a series, nearly 
all imaginable uniplanar flows can be matheaiatioally representee? 



Figs. 10 and 11 present the most common transforation In the ■ 
theory of ^ing seotions, by whioh a oirole is transformed to a 
striaigfct line AB, the surrounding oiroles to oonfooal ellipese 
and the radii to hyperbolas. 

We have long known the potential flow about a cylinder, 
whioh, like all suoh flows, generates neither lift nor drag. 
It lias been known, however, sinoe the time of Lord Rayleigh 
(Messenger of Math. VII, p. 14, 1877, So. Papers I, p. 343) that 
a lift is generated, if a oiroulatory motion is superposed on 
the previously known motion. The flow thus obtained gives a 
streamline formation like Fig. 13. The above-mentioned trans- 
formation was applied first by Eutta (Illustr. aeronaut. Mittell- 
ungen, 1902, p. 133) , who let the diameter AB coincide with a 
ohord drawn through the "rest-point" Q and thus obtained the 
flow around a flat or oambered plate. Later Jov.kowaki found 
that very beautiful sections, similar to birds' wings, were ob- 
tained by giv/ing the diameter AB the position indicated in 
Fig. 13. Fig. 13 shows such a wing seotion with the resultant 
streamlines. 

This wing-seotion theory - whioh has, in reoent times, 
been muoh further developed (See Zeitsohrif t fur Flugteohnik 
1918, p.lll, Karman and Trefftz, 1917, p. 157, and 1920, p.68, 
HIses, 1921., Geokeler) and now renders lc possible to oaloulate, 
for almost any given wing seotion, not only the value of the 
lift and the location cf the oenter of preesure, but also the 
pressure distribution in detail - agrees also with the experi- 
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merit e as well as oan be expeoted, considering that the friotion 
is neglected. Fig, 14 shows (acooxdlng to measurements by my 
bo-worker, Dri Betz, on a Joukoweki wing seotlon) the dependence 
of lift and drag on the angle of attack. In the field within 
whioh the wing seotion is "good" the theoretioal and experimen- 
tal curves run nearly parallel at a distance determined by the 
friotion. The pressure distributions (Figs. 15 and 16) likewise 
agree well on the whole. The principal deviation prooeeds from 
the fact that, due to friotion, the theoretical oirculatlon for 
the individual angles of attaok ie not fully attained In practice. 

In eiamming up, it may be said that the hydrodynamio theo- 
ries are best confirmed by experimental results for bodies with 
small resistance or drag and can aooordingly. be used in plaoe of 
experimental tests. . »" 

It is evident that the theories here brought forward can 
also be applied to" other technical phenomena . Thus their appli- 
cation to airoraft pr.opellers is already settled in principle* 
but must be investigated further as to details. For their trans- 
fer to turbines and pumps, there is the difficulty that our cal- 
culations have in part assumed the adoption of small vSldoity- 
changes .and .small angles of deflection. Useful results may be 

e xpeoted from the above, especially for machines like "Kaplan 

* A. Betz, "Screw Propeller with Minimum Loss of Energy," with 
an appended note by L. ^randtl, Naohriohten von der Gesellschaft 
der Wiesensohaften za Gottingen. Math.-Phys, Klasse 1919, p. 193- 
Further, A. Betz, "The Principle of the Screw Propeller" CDie 
Vorgange beim Sohraubenpropeller) , "Naturwisseneohaften, n 1931, 
No. 10. 
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wheels," rotary shovels , eto. The calculations sure at present 
Insufficient for other kinds of turbines, but even here advant- 
ages oan be drawn from the fundamental prinoiples. 

Translated by the national Advisory Committee for Aeronautioe. 
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Figs. 4 to 6. 
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